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Gevrey vectors of multi-quasi-elliptic systems
Chikh BOUZAR and Rachid CHAILI
Abstract. We show that the multi–quasi-ellipticity is a necessary and suffi-
cient condition for the property of elliptic iterates to be hold for multi-quasi-
homogenous differential operators.
1. Introduction
The aim of this work is to prove the property of elliptic iterates for multi-quasi-
elliptic systems of differential operators in generalized Gevrey spaces GF ,s (Ω) ,
where F denotes the Newton’s polyhedron of the system (Pj)
N
j=1. The property of
elliptic iterates for the system (Pj)
N
j=1 in the generalized Gevrey classes G
F ,s (Ω)
means the inclusion
Gs
(
Ω, (Pj)
N
j=1
)
⊂ GF ,s (Ω)
Let Pj (x,D) =
∑
α ajα (x0)D
α, j = 1, .., N, denoted (Pj)
N
j=1 , be linear differ-
ential operators with C∞ coefficients in a open subset Ω of Rn.
Definition 1. Fix x0 ∈ Ω, we define the Newton’s polyhedron of the sys-
tem (Pj)
N
j=1 at the point x0, noted F (x0) , as the convex hull of the set {0} ∪
{α ∈ Nn, ∃j ∈ {1, .., N} ; ajα (x0) 6= 0} . A Newton’s polyhedron F is said regular if
there exists a finite set Q (F) ⊂
(
R
∗
+
)n
such that
F= ∩
q∈Q(F)
{
q ∈ Rn+, < α, q >≤ 1
}
If S (F) designs the set of vertices of F , we put
V (ξ) =
∑
α∈S(F)
|ξα| ,
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and
k (α,F) = inf
{
t > 0, t−1α ∈ F
}
, α ∈ Rn+
µj (F) = max
q∈Q(F)
q−1j , j = 1, .., n
µ (F) = max
1≤j≤n
µj (F)
θ (F) =
(
µ (F)
µ1 (F)
, ..,
µ (F)
µn (F)
)
Definition 2. Let F be a regular polyhedron and s ∈ R+, we denote G
F ,s (Ω)
the space of u ∈ C∞ (Ω) such that ∀H compact of Ω, ∃C > 0, ∀α ∈ Nn,
sup
H
|Dαu| ≤ C|α|+1 [Γ (µ (F) k (α,F) + 1)]s(1.1)
Remark 1. We can take supH |D
αu| or ‖Dαu‖L2(H) in the definition, accord-
ing to Sobolev imbedding theorems.
Definition 3. The system (Pj)
N
j=1 is said multi-quasi-elliptic in Ω if
1) F (x) = F does not depend of x ∈ Ω
2) F is regular
3) ∀x ∈ Ω, ∃C > 0, ∃R ≥ 0, ∀ξ ∈ Rn, |ξ| ≥ R,
V (ξ) ≤ C
N∑
j=1
|Pj (x, ξ)|
Definition 4. Let (Pj)
N
j=1 be a system of linear differential operators satisfy-
ing the conditions 1) and 2) of definition 3 and s ∈ R+, we denote G
s
(
Ω, (Pj)
N
j=1
)
the space of u ∈ C∞ (Ω) such that ∀H compact of Ω, ∃C > 0, ∀l ∈ N, 1 ≤ il ≤ N,
‖Pi1 ...Pilu‖L2(H) ≤ C
l+1 (l!)
sµ(F)
(1.2)
The aim of this work is to show the following theorem.
Theorem 1. Let Ω be an open subset of Rn, σ > s ≥ 1 and (Pj (x,D))
N
j=1 be
a system of linear differential operators with Gθ(F),σ (Ω) coefficients, then
(Pj)
N
j=1 is multi-quasi-elliptic in Ω⇐⇒ G
s
(
Ω, (Pj)
N
j=1
)
⊂ GF ,s (Ω)
For differential operators with constant coefficients we have shown in [4] a more
general result.
2. Sufficient condition
Instead ofQ (F) , k (F , α) , µ (F) , µj (F) , θ (F) we write, respectively,Q, k (α) , µ, µj , θ.
Denote K = {k = k (α) : α ∈ Nn} and ω any open subset of Rn. If u ∈ C∞ (ω) and
k ∈ K, define
|u|k,ω =
∑
k(α)=k
‖Dαu‖L2(ω) ,
3if u ∈ C∞0 (R
n) we write |u|k . For ρ > 0, we denote Bρ =
{
x ∈ Rn,
n∑
j=1
x
2µj/µ
j < ρ
2
}
.
Let (Pj)
N
j=1 be a system of linear differential operators with coefficients defined
in an open neighborhood Ω of the origin satisfying the following conditions
i) The system (Pj)
N
j=1 is multi-quasi-elliptic in Ω.
ii) The coefficients ajα ∈ G
θ,s (Ω) , ∀α ∈ Nn, ∀j ∈ {1, .., N} .
We define for j = 1, ..., N, and h ∈ N,
P hj (x,D) = Pj (x,D) ◦ · · ◦Pj (x,D)︸ ︷︷ ︸
h times
.
From the multi-quasi-ellipticity of the system (Pj)
N
j=1 and following the proof
of the lemma 3.4 of [7], we easily obtain
Lemma 1. There exists ρ0 > 0, ∀ε ∈]0,
1
v(n) [,(v (n) denote the number of ele-
ments of K ∩ [0, n[), we have
∃C1 > 0, ∃C2 (ε) > 0, ∀δ ∈]0, 1[, ∀ρ > 0, Bρ+δ ⊂ Bρ0 , ∀u ∈ C
∞
(
Bρ0
)
, ∀p ≥ n,
|u|p+1,Bρ ≤ C1
 N∑
j=1
∣∣Pnj (x,D)u∣∣p−n+1,Bρ+δ + ε |u|p+1,Bρ+δ + (εδ)−nµ |u|p−n+1,Bρ+δ
+
p∑
h=0
(
(p+ 1)!
h!
)sµ
C2 (ε)
p+1−h
|u|h,Bρ+δ
)
,(2.1)
and for p ≤ n, we have
|u|p+1,Bρ ≤ C1
 N∑
j=1
∣∣Pnj (x,D)u∣∣p−n+1,Bρ+δ + ε |u|p+1,Bρ+δ + (εδ)−(p+1)µ |u|0,Bρ+δ

(2.2)
Let λ > 0 and R > 0, for p ∈ N, we set
σp (u, λ) = σp (u, λ,R) = (p!)
−sµ
λ−p sup
R/2≤ρ<R
(R− ρ)
pµ
|u|p,Bρ
Lemma 2. Let ρ0 be as in the lemma1 and let 0 < R < 1 such that BR ⊂ Bρ0 ,
then ∃λ0 > 0
(
λ0 depends only of R and (Pj)
N
j=1
)
, ∀u ∈ C∞
(
Bρ0
)
, ∀λ ≥ λ0, ∀p ≥
n,
σp+1 (u, λ) ≤ [(p− n+ 2) ... (p+ 1)]
−sµ
N∑
j=1
σp−n+1
(
Pnj u, λ
)
+
p∑
h=0
σh (u, λ) ,
(2.3)
and for p ≤ n− 1,
σp+1 (u, λ) ≤ (p+ 1)!
−sµ
N∑
j=1
σ0
(
P p+1j u, λ
)
+ σ0 (u, λ)(2.4)
Proof. Let p ≥ n,multiplying both sides of inequality (2.1) by (p+ 1)!−sµλ−p−1 (R− ρ)
pµ
,
taking δ = R−ρp−n+2 and then passing to the sup over ρ ∈ [R/2, R[, we obtain
σp+1 (u, λ) ≤ C1
(
I1 + εI2 + ε
−nµI3 + I4
)
,
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where
I1 =
N∑
j=1
(R− ρ)
(p+1)µ
(p+ 1)!sµλp+1
∣∣Pnj u∣∣p−n+1,Bρ+δ
≤
N∑
j=1
(
(p− n+ 1)!
(p+ 1)!
)sµ
eµ
λn
σp−n+1
(
Pnj u, λ
)
I2 =
(R− ρ)
(p+1)µ
(p+ 1)!sµλp+1
|u|p+1,Bρ+δ ≤ (2
ne)
µ
σp+1 (u, λ)
I3 =
(R− ρ)
(p+1)µ
(p+ 1)!sµλp+1
δ−nµ |u|p−n+1,Bρ+δ ≤
eµ
λn
σp−n+1 (u, λ)
I4 =
(R− ρ)
(p+1)µ
(p+ 1)!sµλp+1
p∑
h=0
(
(p+ 1)!
h!
)sµ
C2 (ε)
p+1−h
|u|h,Bρ+δ
≤
eµC2 (ε)
λ
p∑
h=0
(
C2 (ε)
λ
)p−h
σh (u, λ)
By a suitable choice of ε, we find
σp+1 (u, λ) ≤
(
(p− n+ 1)!
(p+ 1)!
)sµ
C˜1
λn
N∑
j=1
σp−n+1
(
Pnj u, λ
)
+
C˜2
λn
σp−n+1 (u, λ)
+
C˜3
λ
p∑
h=0
(
C˜4
λ
)p−h
σh (u, λ)
It suffices to take λ0 = C˜1 + C˜2 + C˜3 + C˜4 to get (2.3) . For the inequality (2.4) we
multiply both sides of inequality (2.2) by (R−ρ)
(p+1)µ
(p+1)!sµλp+1
, take δ = R−ρ2 and then we
follow the same procedure as for (2.3)
Lemma 3. Let ρ0, R and λ0 be as in lemma 2, then ∀u ∈ C
∞
(
Bρ0
)
, ∀λ ≥
λ0, ∀p ∈ N,
σp+1 (u, λ) ≤ 2
p+1σ0 (u, λ) +
p+1∑
l=1
2p+1−lClp+1
1
(l!)
sµ
∑
1≤j≤l
1≤ij≤N
σ0 (Pi1 ..Pilu, λ)(2.5)
Proof. It’s obtained by recurrence over p as in lemma 3.2 of [3].
Our first result is the following theorem.
Theorem 2. Let Ω be an open subset of Rn, s ≥ 1 and let (Pj(x,D))
N
j=1 be a
system of linear differential operators with Gθ,s (Ω) coefficients, then
(Pj)
N
j=1 is multi-quasi-elliptic in Ω⇒ G
s
(
Ω, (Pj)
N
j=1
)
⊂ GF ,s (Ω)
Proof. It is sufficient to check (1.1) in a neighborhood of every point x of Ω.
Let x be the origin, then there exist ρ0, λ0 and R such that the lemmas hold.
Let u ∈ Gs
(
Ω, (Pj)
N
j=1
)
, then there exists C1 > 0 such that
σ0 (Pi1 ..Pilu, λ0) ≤ C
l+1
1 (l!)
sµ
, ∀l ∈ N,
5hence from (2.5) , we obtain
σp+1 (u, λ0) ≤ C1 (2 +NC1)
p+1 , ∀p ∈ N,
which gives
|u|p+1,BR/2 ≤ (p+ 1)!
sµC
(p+1)µ+1
2 , ∀p ∈ N(2.6)
Let k ∈ K, if k ≥ n − 1, then k = p + r, where p = [k − n] + 1 and r ∈ [n − 1, n[.
The interpolation inequality from [7, lemme 2.3] gives
|u|k,BR/2 ≤ ε
|u|p+n,BR/2 + |u|p+n−1,BR/2 + ∑
t∈K
p≤t<p+n−1
|u|t,BR/2
+ Cε− rn−r |u|p,BR/2
If we set ε =
(
Γ(k+1)
Γ(p+n+1)
)sµ
, then we obtain, with (2.6) ,
|u|k,BR/2 ≤ C
kµ+1
2 (Γ (k + 1))
sµ (2 + CC3) +
∑
t∈K
p≤t<p+n−1
|u|t,BR/2 ,
where C3 is the constant of the inequality(
Γ (p+ n+ 1)
Γ (p+ r + 1)
) r
n−r
≤ C
1/µ
3
Γ (p+ r + 1)
Γ (p+ 1)
, p ∈ N, r ∈ K ∩ [0, n[
Applying again the above interpolation inequality to
∑
t∈K
h≤t<h+n−1
|u|t,BR/2 , h =
0, .., p, we find
|u|k,BR/2 ≤ C
kµ+1
2 (Γ (k + 1))
sµ
(2 + CC3)
p∑
j=0
v (n)
j
,
where v (n) is the number of elements of K ∩ [0, n[.
Similarly, if k ≤ n− 1, we find
|u|k,BR/2 ≤ C
kµ+1
2 (Γ (k + 1))
sµ (1 + CC3)
Hence for all k ∈ K, we have
|u|k,BR/2 ≤ C˜
kµ+1 (Γ (k + 1))
sµ
(2.7)
By the imbedding theorem of anisitropic Sobolev spaces, if l ∈ K and l > 2k(e) ,
where k (e) = max
q∈Q
n∑
j=1
qj , then ∃C > 0, ∀α ∈ N
n,
sup
BR/2
|Dαu| ≤ C |Dαu|l,BR/2 ,
consequently from (2.7) we get the estimate (1.1)
As a consequence of this theorem, we obtain a result of Gevrey hypo-ellipticity
for multi-quasi-elliptic systems.
Corollary 1. Under the assumptions of theorem 2, the following propositions
are equivalent
i) u ∈ D′ (Ω) , Pju ∈ G
F ,s (Ω) , ∀j = 1, .., N.
ii) u ∈ GF ,s (Ω) .
6 CHIKH BOUZAR AND RACHID CHAILI
3. Necessary condition
In this section we prove the reciprocal of the theorem 2. For this aim we need a
characterization of the multi-quasi-ellipticity for the system (Pj(x,D))
N
j=1, known
in the case of a scalar operator in [5].
Proposition 1. A system (Pj)
N
j=1 , satisfying 1) and 2) of Definition 2, is
multi-quasi-elliptic in Ω if and only if for any x ∈ Ω, ∀q ∈ Q,
N∑
j=1
|Pjq (x, ξ)| 6= 0, ∀ξ ∈ R
n, ξ1...ξn 6= 0 ,
where Pjq is the q-quasi-homogenous part of Pj , i.e.
Pjq (x, ξ) =
∑
<α,q>=1
ajα (x) ξ
α
Theorem 3. Let Ω be an open subset of Rn and Pj (x,D) , j = 1, .., N, be
differential operators with Gθ,σ (Ω) coefficients, if s > σ ≥ 1, then
Gs
(
Ω, (Pj)
N
j=1
)
⊂ GF ,s (Ω)⇒ (Pj)
N
j=1 is multi-quasi-elliptic in Ω
Proof. Assume that the system (Pj)
N
j=1 is not multi-quasi-elliptic, then there
exists x0 ∈ Ω, ∃q ∈ Q and ∃ξ0 ∈ S
n−1, ξ0,1...ξ0,n 6= 0, such that
Pjq (x0, ξ0) = 0, ∀j = 1, .., N(3.1)
We shall construct a function u ∈ Gs
(
Ω, (Pj)
N
j=1
)
and u /∈ GF ,s (Ω), wich
contradicts the hypothesis. Choose ε such that
0 < ε ≤
µ (s− σ)
2µs− σ
<
1
2
and ε ≤ min
<β,q><1
µ (1− < β, q >) ,
and put η =
1− ε/µ
µs
.
let δ > 0 such that the ball B0 = B (x0, 2δ) be relatively compact in Ω, and let
ϕ ∈ Gq,σµ (Rn) with compact support in B (0, 2δ) and ϕ (x) ≡ 1 in B (0, δ) . The
desired function is
u (x) =
∫ +∞
1
ϕ [rεq (x− x0)] e
−rηei<x−x0,r
qξ0>dr ,
where rqx = (rq1x1, r
q2x2, .., r
qnxn) .
As in [6], we easly show, for sufficiently large m, that
|Dmαu (x0)| >
1
2η
|ξmα0 |Γ
(
< mα, q > +1
η
)
If we choose α such that k (α) =< α, q >, we obtain
|Dmαu (x0)| >
c (µ)
<mα,q>
2η
|ξmα0 | [Γ (µk (mα) + 1)]
1
µη ,
and, since 1µη > s, then u /∈ G
F ,s (U0) for any neighborhood U0 of x0.
7Let show that u ∈ Gs
(
Ω, (Pj)
N
j=1
)
. Since the coefficients of Pj are inG
θ,σ (Ω) ⊂
Gq,σµ (Ω) , thus ∃M > 0, ∀α ∈ Zn+, ∀β ∈ Z
n
+, ∀x ∈ B0, ∀r ≥ 1, ∀j = 1, .., N,∣∣∣(DβxP (α)j ) (x, rqξ0)∣∣∣ ≤M |β|+1 [Γ(< β, q > +1)]σµ r1−<α,q>(3.2)
In the other hand in view of (3.1) we have
∀δ > 0, ∃C1 > 0, ∀r ≥ 1, ∀x ∈ Ω, |x− x0| < 2δr
−ε/µ, ∀j = 1, .., N,
|Pj (x, r
qξ0)| ≤ C1r
1−ε/µ(3.3)
Indeed
|Pj (x, r
qξ0)| ≤ |Pjq (x, r
qξ0)|+
∑
<β,q><1
r<β,q> |ajβ (x)|
∣∣∣ξβ0 ∣∣∣
≤ r |Pjq (x, ξ0)− Pjq (x0, ξ0)|+
∑
<β,q><1
r<β,q> |ajβ (x)|
≤ r
∑
<β,q>=1
|ajβ (x) − ajβ (x0)|+
∑
<β,q><1
r<β,q> |ajβ (x)| ,
by the mean-value theorem and the choice of ε, we obtain
|Pj (x, r
qξ0)| ≤ r
∑
<β,q>=1
C2δr−ε/µ +
∑
<β,q><1
C′r1−ε/µ ≤ C1r
1−ε/µ
Since ϕ ∈ Gq,σµ0 (R
n) , so ∃C0 > 0, ∃L0 > 0, ∀β ∈ Z
n
+, ∀x ∈ R
n∣∣Dβϕ (x)∣∣ ≤ C0L|β|0 [Γ(< β, q > +1)]σµ(3.4)
We choose L0 ≥ 2MC
σµ
2 , where C2 is the constant of the following inequality
∃C > 0, ∀γ ∈ Zn+, ∀β ∈ Z
n
+,
γ!
β! (γ − β)!
≤ C<γ−β,q>
Γ(< γ, q > +1)
Γ(< β, q > +1)Γ(< γ − β, q > +1)
(3.5)
In the sequel we will use the following properties of the gamma function.
Γ(a+ p) = Γ (a) a (a+ 1) · ·(a+ p− 1), a > 0, p ∈ Z∗+(3.6)
∀λ > 0, ∀τ > 0, ∀a ≥ ω, ∀b ≥ ω , ∀c ≥ ω, ∀σ ≥ 1
λaΓ(b+ c+ 1)στ c ≤ 2
σ
ω [λa+cΓ(b+ 1)σ + Γ(a+ b+ c+ 1)στa+c].(3.7)
We need a convenient form of Pik ..Pi1u for any integer k ≥ 0. By the generalized
Leibniz formula Pj (x,D) (uv) =
∑
α
1
α!P
(α)
j uD
αv , we obtain
Pju (x) =
∫ +∞
1
∑
<α,q>≤1
1
α!
Dαx
(
ϕ [rεq (x− x0)] e
−rη
)
P
(α)
j
(
ei<x−x0,r
qξ0>
)
dr
=
∫ +∞
1
∑
<α,q>≤1
1
α!
P
(α)
j (x, r
qξ0)D
α
x (ϕ [r
εq (x− x0)]) e
−rηei<x−x0,r
qξ0>dr
=
∫ +∞
1
Aj (x, r) e
−rηei<x−x0,r
qξ0>dr ,
where
Aj (x, r) =
∑
<α,q>≤1
1
α!
P
(α)
j (x, r
qξ0)D
α
x (ϕ [r
εq (x− x0)])
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For any integer k ≥ 0, l ≤ k and 1 ≤ il ≤ N, we write
Pik ..Pi0u (x) =
∫ +∞
1
Aik...i0 (x, r) e
−rηei<x−x0,r
qξ0>dr ,
where Pi0 designs the identity operator, and
Ai0 (x, r) = ϕ [r
εq (x− x0)]
Aik+1,ik...i0 (x, r) =
∑
<α,q>≤1
1
α!P
(α)
ik+1
(x, rqξ0)D
α
xAik...i0 (x, r)(3.8)
To complete the proof we need the following
Lemma 4. ∃L > 0, ∀k ∈ Z+, ∀γ ∈ Z
n
+, ∀x ∈ B0, ∀r ≥ 1,
|DγxAik ...i0 (x, r)| ≤ C0 (L0r
ε)
|γ|
Lk
(
r(1−ε/µ)k [Γ(< γ, q > +1)]
σµ
+ [Γ(< γ, q > +k + 1)]
σµ
rkε(2−1/µ)
)
(3.9)
Proof. It’s obtained by recurrence over k. In fact for k = 0, this is true since
ϕ ∈ Gq,σµ0 (R
n) , i.e. we find (3.4) . So suppose that the estimate (3.9) holds up to
the order k and check that it remains valid at the order k + 1. Set
λ = r1−ε/µ,
τ = rε(2−1/µ),
S (k, β) = λk [Γ(< β, q > +1)]
σµ
+ [Γ(< β, q > +k + 1)]
σµ
τk.
Then the estimate (3.9) is written as
|DγxAik...i0 (x, r)| ≤ C0 (L0r
ε)
|γ|
LkS (k, γ)
Let ω = min
1≤j≤n
qj , from inequality (3.7) , we have
r1−ε/µS (k, β) ≤ 2
σµ
ω +1S (k + 1, β) ,(3.10)
indeed
r1−ε/µS (k, β) = λ
(
λk [Γ(< β, q > +1)]
σµ
+ [Γ(< β, q > +k + 1)]
σµ
τk
)
= λk+1 [Γ(< β, q > +1)]
σµ
+ λ [Γ(< β, q > +k + 1)]
σµ
τk
≤ 2
σµ
ω
(
λk+1 [Γ(< β, q > +1)]
σµ
+ [Γ(< β, q > +(k + 1) + 1)]
σµ
τk+1
+λk+1 [Γ(< β, q > +1)]
σµ
+ [Γ(< β, q > +(k + 1) + 1)]
σµ
τk+1
)
≤ 2
σµ
ω +1S (k + 1, β)
Similarly we find
λ1−<α,q>τ<α,q>S (k, β + α) ≤ 2
σµ
ω +1S (k + 1, β) , < α, q >≤ 1(3.11)
From (3.8) , we have
∣∣DγxAik+1...i0 (x, r)∣∣ =
∣∣∣∣∣∣
∑
<α,q>≤1
1
α!
Dγx
(
P
(α)
ik+1
(x, rqξ0)D
α
xAik...i0 (x, r)
)∣∣∣∣∣∣
≤
∣∣∣∣∣∣
∑
<α,q>≤1
∑
β≤γ
1
α!
(
γ
β
)
Dγ−βx P
(α)
ik+1
(x, rqξ0)D
α+β
x Aik...i0 (x, r)
∣∣∣∣∣∣
≤ I1 + I2 + I3 ,
9where
I1 =
∣∣Pik+1 (x, rqξ0)∣∣ |DγxAik...i0 (x, r)|
I2 =
∑
β<γ
(
γ
β
) ∣∣Dγ−βx Pik+1 (x, rqξ0)∣∣ ∣∣DβxAik...i0 (x, r)∣∣
I3 =
∑
0<<α,q>≤1
∑
β≤γ
1
α!
(
γ
β
) ∣∣∣Dγ−βx P (α)ik+1 (x, rqξ0)∣∣∣ ∣∣Dα+βx Aik...i0 (x, r)∣∣
Since the Aik...i0 are functions of compact supports in B
(
x0, 2δr
−ε/µ
)
, so due to
(3.3) and (3.10) , we have
I1 ≤ C1r
1−ε/µC0 (L0r
ε)
|γ|
S (k, γ)Lk
≤ 2
σµ
ω +1C1C0 (L0r
ε)|γ| S (k + 1, γ)Lk(3.12)
Using (3.2) and (3.10) , we obtain
I2 ≤
∑
β<γ
(
γ
β
)
M |γ−β|+1 [Γ(< γ − β, q > +1)]σµ rC0 (L0r
ε)|β| S (k, β)Lk
≤
∑
β<γ
(
γ
β
)
[Γ(< γ − β, q > +1)]σµM |γ−β|+1rεC0 (L0r
ε)|β| 2
σµ
ω +1S (k + 1, β)Lk
In the other hand, (3.5) and (3.6) , give(
γ
β
)
[Γ(< γ − β, q > +1)]
σµ
S (k, β) ≤ Cσµ<γ−β,q>2 S (k, γ)(3.13)
Thus we obtain
I2 ≤
∑
β<γ
C
σµ|γ−β|
2 M
|γ−β|+1rεC0 (L0r
ε)
|β|
2
σµ
ω +1S (k + 1, γ)Lk
≤
∑
β<γ
(
MCσµ2
L0rε
)|γ−β|
rε2
σµ
ω +1MC0 (L0r
ε)
|γ|
S (k + 1, γ)Lk
≤
∑
0<β≤γ
(
MCσµ2
L0rε
)|β|
rε2
σµ
ω +1MC0 (L0r
ε)
|γ|
S (k + 1, γ)Lk
≤
nMCσµ2
L0rε
∑
β≥0
(
MCσµ2
L0rε
)|β|
rε2
σµ
ω +1MC0 (L0r
ε)|γ| S (k + 1, γ)Lk
Set C3 =
∑
α≥0
(
1
2
)|α|
, since L0 ≥ 2MC
σµ
2 and r ≥ 1, then
I2 ≤
nMCσµ2
L0
C32
σµ
ω +1MC0 (L0r
ε)
|γ|
S (k + 1, γ)Lk(3.14)
Finally in view of (3.2)
I3 ≤
∑
0<<α,q>≤1
∑
β≤γ
(
γ
β
)
[Γ(< γ − β, q > +1)]σµM |γ−β|+1r1−<α,q>
×C0 (L0r
ε)
|β+α|
S (k, β + α)Lk
For any α ∈ Zn+, 0 << α, q >≤ 1, we have
r1−<α,q>+ε<α,q> ≤ λ1−<α,q>τ<α,q> ,
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which gives, with (3.11) and (3.13) ,
I3 ≤
∑
0<<α,q>≤1
∑
β≤γ
(
γ
β
)
[Γ(< γ − β, q > +1)]
σµ
M |γ−β|+1
×C0 (L0r
ε)|β| L
|α|
0 2
σµ
ω +1S (k + 1, β)Lk
≤
∑
0<<α,q>≤1
∑
β≤γ
(
MCσµ2
L0rε
)|γ|
2
σµ
ω +1MC0L
|α|
0 (L0r
ε)
|γ|
S (k + 1, γ)Lk
Put C4 =
∑
0<<α,q>≤1
L
|α|
0 , then we obtain
I3 ≤ 2
σµ
ω +1MC4C3C0 (L0r
ε)|γ| S (k + 1, γ)Lk(3.15)
If we choose
L ≥ 2
σµ
ω +1
(
C1 +
nM2Cσµ2
L0
C3 +MC3C4
)
,
we get, from (3.12) , (3.14) and (3.15) ,
I1 + I2 + I3 ≤ C0 (L0r
ε)|γ| S (k + 1, γ)Lk+1 ,
which means that (3.9) holds at the order k + 1.
End of the proof of theorem 3. Applying the last lemma for γ = 0, we find
|Aik...i0 (x, r)| ≤ C0L
k
(
r(1−ε/µ)k + [Γ (k + 1)]
σµ
rkε(2−1/µ)
)
≤ C′0L
k
(
r(1−ε/µ)k + (k!)
σµ
rkε(2−1/µ)
)
(3.16)
In the other hand, we know that
∀λ ∈ R+, ∀k ∈ Z+, ∀s > 0,
(
λ1/sµ
2sµ
)k
k!
≤ exp
(
λ1/sµ
2sµ
)
So  λ
k ≤ (2sµ)
kµs
(k!)
sµ
exp
(
λ1/sµ
2
)
τk ≤ (2 (s− σ)µ)
kµ(s−σ)
(k!)
(s−σ)µ
exp
(
µ1/(s−σ)µ
2
)
Thus we obtain, with (3.16) ,
|Aik...i0 (x, r)| ≤ C
′
0L
k (2sµ)
kµs
(k!)
sµ
[
exp
(
rη
2
)
+ exp
(
rη
′
2
)]
,
where
η′ =
ε (2− 1/µ)
µ (s− σ)
≤ η =
1− ε/µ
µs
,
since ε ≤
µ (s− σ)
2µs− σ
. Therefore
|Aik...i0 (x, r)| ≤ 2C
′
0L
′k (k!)
sµ
exp
(
rη
2
)
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The last estimate gives
|Pik...Pi0u (x)| ≤ 2C
′
0L
′k (k!)
sµ
∫ +∞
1
exp
(
−
rη
2
)
dr
≤ Ck+1 (k)!sµ ,
which means that u ∈ Gs
(
Ω, (Pj)
N
j=1
)
4. Consequences
The theorems of this work give and unify the results of Bolley-Camus [1] and
Me´tivier [6] in the homogenous case, and the results of Bouzar-Cha¨ili [3] in the
quasi-homogenous case.
Corollary 2. Let Ω be an open subset of Rn and σ > s ≥ 1, and let (Pj)
N
j=1
be a system of linear differential operators with coefficients in Gq,σ (Ω) , then
(Pj)
N
j=1 is q − quasi-elliptic in Ω⇐⇒ G
s
(
Ω, (Pj)
N
j=1
)
⊂ Gq,s (Ω)
Theorem 2 is also a generalization of the main result of [7].
Corollary 3. Let Ω be an open subset of Rn, s ≥ 1 and let P be a linear
differential operator with coefficients in Gθ,s (Ω) , then
P is multi-quasi-elliptic in Ω⇒ Gs (Ω, P ) ⊂ GF ,s (Ω)
Remark 2. In [7] the necessity has not been given even for the scalar case.
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